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Introduction

Nrecentyears, numerical predictionsof transonic flow properties

around an airfoil have been performed using various schemes.!
Finding the airfoil shape for minimum drag or maximum lift/drag
at a given operating condition is important in aerodynamic design.
Accurate and rapid prediction of the flowfield can help in the opti-
mal design of airfoils. Developing an accurate, robust, and efficient
numerical scheme is the main object of this study.

The difficulty in achieving convergence in complex turbulent
flow computation by employing a second-order closure model is
well known. The slow convergence rate encountered is related to
strongly nonlinear flow phenomena. In recent years, the conver-
gence can be greatly improved and accelerated by using the con-
jugate gradient (CG) method' with a preconditioner, for example,
variant bi-CG methods such as the biconjugate gradient stable (Bi-
CGSTAB) method by Vorst? and the incomplete lower-upperfactor-
ization (ILU)? as the preconditioner to improve the rate of conver-
gence in the previous study.* In the interim, a completely different
approach, the multigrid method, has emerged for structured® and
unstructured® grids as a particularly efficient technique for accel-
erating the convergence of numerical calculations. In the present
work, the multigrid method of the fully approximation scheme by
Jameson and Baker’” and Jameson and Yoon® is adopted to remove
the low-frequency errors as well as the high frequencies, so that the
convergence can be sped up.

In this Note, the preconditioned Bi-CGSTAB relaxation method
with ILU preconditioner is implemented to the compressible
Navier-Stokes (N-S) solver with the Baldwin-Barth one-equation
model’ of turbulence. The present solver demonstrates efficient and
fast convergencebehaviorif the multigrid and implicitalgorithm are
implemented simultaneously. Two-dimensional transonic turbulent
flows over RAE2822 and Cast 7 airfoils are the test cases.

Governing Equations

The differential equations to describe the flow are the time-
dependent, mass-averaged N—S equations plus the turbulence equa-
tion of the pointwise Baldwin-Barth model® for two-dimensional
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compressible flow. The resulting nondimensionalequationsin con-
servation law form can be formulated in curvilinear coordinates as
follows:
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where matrices Q, 12", 1:", 1\;{, 1\7, and H are made upof5 x 1 column
matrices; the elements ofAQ are (1/J) [p, pu, pv, E,;, R]"; and the
elements of source term H are (1/ J) [0, 0, 0, 0, Hs]”. The variable
N for the turbulence model is defined by k%/ €, where k is turbulent
kinetic energy and € is the dissipation rate of k. The details of the
other terms in the equations can be found in Ref. 9.

Numerical Algorithm
Spatial Differencing
The finite volume approach is used to formulate the difference
equationsin fully implicit form. Total variation diminishing (TVD)
numerical flux'® is applied for the convective term E and F, and
the central difference approximation is used for the viscous terms
M and N and the Laplacian term of element Hs, where®
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Time Integration
The implicit, unfactored,backward Euler scheme is employed for
time advancement* Upwind differencingin the & and 1 directions
for the full N-S equations and the transportequation for variable %
isused. In the presentstudy, the space-varyingtime step is employed
to accelerate the convergence?

Source Term Linearization

The source term H in Eq. (1) can be very large and cause the
difference form of Eq. (1) stiff. To mitigate the stiffness, the source
terms are treated implicitly. Refer to Ref. 11 for the procedures in
deriving the source term Jacobian matrix G (=0 H/ Q). To improve
stability, only negative source terms are linearized. Unfortunately,
the production source term is positive, and so its linearizationis not
proper. Therefore, the strong coupling between the flowfield and the
source term is linearized by the following pseudolinearization':
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where Hsp is the production part of Hs and (A N),,,, is defined as
0.1N, which is the estimated value of maximum variation for each
iteration step.

Bi-CGSTAB Method

The unfactored matrix equations can be replaced by the nonfac-
tored form, and the difference equations form a block pentadiago-
nal matrix system of equations. The algorithm of the Bi-CGSTAB
method with ILU as a preconditioneris applied in the present work
and is described in detail in Ref. 4.

Multigrid Formulation
In this study, a standard three- or four-grid-level saw-toothed
and W-type multigrid cycle with fixed one-iteration strategy for
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switching from one grid level to another is adopted. Furthermore,
the strategy of Ref. 5 is necessary for high-Reynolds-number vis-
cous flow calculation because the grid size near the wall is very
small and stretching rapidly. The detailed multigrid algorithm can
be found in Refs. 5, 7, and 8. Three approaches using the multigrid
formulation for coarse-grid calculation are under consideration. 1)
The N-S equations are solved on the finest grid, whereas only the
Euler fluxes are evaluated on the coarse grid.'? 2) Full N-S equa-
tions are solved for all grid levels, but the transport equations for
turbulent variables, i.e., N, k, and €, are solved only for the finest
grid level, and the needed eddy viscosity u, in the coarse-gridlevels
are collected from the finest grid.'” 3) Full N-S equations and the
transportequations for turbulent variables are solved for all grid lev-
els. A relaxation procedure for damping the coarse-grid correction
of the turbulent quantities must be employed.'"* A procedure sim-
ilar to the work of Dick and Steelant'* for turbulent quantity i is
given by
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where T and M~ are the positive and negative coarse-grid correc-
tion, respectively. The relaxation factor « is selected as 0.3.

Testing Problems and Boundary/Initial Conditions

Numerical computations have been performed for 1) two-
dimensional transonic flow past a subcritical airfoil RAE2822 at
3.19-deg angle of attack for the freestream condition M., =0.73
and Re,, = 6.5 x 10° and 2) two-dimensional transonic flow past a
supercritical Cast 7 airfoil within the range from —2- to 5-deg angle
of attack for the freestreamcondition M., = 0.7 and Re,, =6 x 10°.
Two O-type grids are generated by the hyperbolic grid-generation
scheme. The grid system for the RAE2822 airfoil is a 169 x 73
grid, with 81 points on the upper surface, 81 points on the lower
surface, and 8 points on the blunt trailing edge, i.e., base region.
The grid system for the Cast 7 airfoil is a 137 x 73 grid, with 65
points on the upperand lower surfaces and 8 points on the blunt trail-
ing edge. The grid points in the normal direction are exponentially
stretched away from the wall, and the first grid line is at a distance
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Fig.1 Computed and experimental surface pressure distributions for
RAE2822 airfoil; Mo =0.73, o =0 deg, Rews =6.5 X 10°.

of 7 x 107 chord lengths from the wall. The boundary of the com-
putational mesh extends 25 chord lengths in the normal direction.
At the £ =1 and &, boundaries, the periodic boundary condition
is employed. The overlapped interface flux was treated specially to
sustain second-orderaccuracy. At the n= 1,,,, boundary,a subsonic
inflow/outflow condition is specified. The characteristicextrapolat-
ing technique is applied. At the 7= 1 boundary, no-slip conditions
and zero normal pressure and concentration gradient are imposed
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Fig. 2 Convergent histories for different multigrid sequences.
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Fig.3 Convergent histories for different coarser-grid calculations.
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on the wall. The eddy viscosity i, and R vanish at the solid wall.
A uniform flowfield is chosen as the initial condition for mean flow
equations. A uniform value of i;,, ~ 1000 is set as the initial guess.

Results and Discussion

The computed surface pressure distributionsof the RAE2822 air-
foils can be compared with experimental data of Ref. 15 (shown in
Fig. 1). The convergence histories with different multigrid cycles
are plotted in Fig. 2. The efficiency of the multigrid cycle is mea-
sured by the amount of computational effort required to reduce the
residual to a given level. The computational effort is measured by
work units, which are defined in terms of a single N-S calculation
on the finest grid. Therefore, the work units required in a three-
level saw-toothed cycle is estimated as (1 + 4 + & + L) =1.325.
The work units required in a four-level saw-toothed and three-level
and four-level W-type cycles are 1.328125,1.6250, and 1.8125, re-
spectively. For this test case, the L, residuals calculated by the four
different multigrid cycles are similar. The convergent speed using
the W cycle is not higher than those using saw-toothed cycles at the
same grid level. But the convergentefficiency with and without the
multigrid cycle is apparent.

The convergence histories 1) with integrating the i equation,
2) without integrating the ) equation, and 3) without integrating
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Fig. 4 Convergent histories for different implicit methods.

the N equation and evaluating viscous flux for the coarser-grid
calculation are compared in Fig. 3. Better multigrid performance
is obtained with integrating i equation for the damping factor
o = 0.3. Without solving the turbulence transport equation on the
coarser grids, the convergence histories exhibit oscillation and are
less good.

The convergence histories using different implicit schemes
are plotted in Fig. 4. The lower-upper symmetric Gauss—Seidel
(LU-SGS) scheme'® and diagonally dominant alternating direc-
tion implicit (DDADI)!'? scheme are approximate factorization (AF)
schemes but are low-factorization-error schemes if strong source
terms exist.'® Without multigrid acceleration, the Bi-CGSTAB re-
laxation method is the fastest and smoothest convergent scheme
compared with the other AF schemes. Combined with the multi-
grid algorithm, the L, residuals using the DDADI scheme exhibit
a similar convergent rate with the Bi-CGSTAB relaxation method
and outperformthe LU-SGS scheme. The comparisondemonstrates
that the Bi-CGSTAB relaxation scheme is the best in terms of con-
vergence characteristic if multigrid cycle is not applied but does
not outperform the DDADI method when the multigrid algorithm
is combined.

A second test was performed for transonic turbulent flow past
a Cast 7 airfoil for freestream Mach number 0.7 and freestream
Reynolds number 6 x 10° with angle of attack ranging from —2 to
5 deg. The computed lift and drag coefficients and surface pressure
distributions can be compared with experimental data of Ref. 19.
The corrected angle of attack A « is assumed —0.35 deg for all of
the cases. The computed surface pressure coefficient distributions
are in good agreement with the Aircraft Research Association ex-
perimental data below 3-deg angle of attack and are different for
the cases of 4- and 5-deg angle of attack. The lift coefficient C, vs
angle of attack is plotted in Fig. 5. The C; predictions are good if
the angle of attack is less than 4 deg. The calculated stall angle is
correct. The Cp, predictions are underestimated as compared with
the experimental data if the angle of attack is more than 4 deg. The
experimental data suggest that the stall angle of the Cast 7 airfoil
is near 4.5-deg angle of attack, and the present turbulence model
need to be modified for predicting large separation phenomena. The
convergent histories for the cases of angles of attack ranging from
—2 to 5 deg are similar to the first case. The L, residual for these
calculations can be reduced to six orders within 1500, 1550, 1850,
and 2000 iterations, respectively, and the lift/drag coefficients are
fully converged.

1.2 | | L L L
[ 4014
E A c_ Exp.(AGARD-AR-138) A
°fT 4  C, Exp.(AGARD-AR-138) J0.12
[ C. CAL;a,=-0.35° ]
08 L CAL.; 0, =-0.35° 4010
[ 1008 C
Co usf & oo ©o
[ ® oo
0.4 o0
[ ”"' - 0.04
02| -
[ /,»’ Jo.02
0.0 | | ‘T'_l.-:-‘\_ ['-:.-I.—.l_'l— | —xA-ll-.l‘.l | S S R R NN TR SO S NNV TR S S N SR M A | : 0.00

-2 -1 0 1

2 3 4 5

Angle of attack (degree)

Fig.5 Computed and experimental lift/drag coefficients vs angle of attack for Cast 7 airfoil; Mo = 0.7, Recc = 6 X 10°.
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Conclusion

A numerical model solving the full N-S equation with the
Baldwin—Barth one-equation model of turbulence is satisfactorily
developed. This numerical method is based on a finite volume,
TVD spatial discretization and is integrated by an implicit unfac-
tored method with preconditioning Bi-CGSTAB algorithm matrix
solvers with multigrid acceleration. The test cases demonstrate good
lift/drag predictive capability, as well as the efficiency and robust-
ness of the convergencefor transonic turbulent flow pasta RAE2822
subcritical airfoil and a Cast 7 supercritical airfoil.
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Introduction

N most programs in practical use for flow calculation, e.g.,

around an airplane, the grid is partitioned into a number of
blocks with a structured grid in each block. The data structure of a
multiblock grid allows for a finer grid in certain blocks and a coarser
grid in other blocks. With refinement and coarsening of the grid, it
is possible to concentrate the cells in areas where they are needed
to obtain sufficient accuracy in the final solution.

Adaptive grid procedures for structured grids are developed in
Refs. 1-4. Either new cells are introduced into the grid or the avail-
able cells are moved to the region where the resolutionis poor. The
decision of where to change the grid density is based on estimates
of the solution error or the truncation error or on a sensor that de-
tects a feature of the flow requiring a finer grid, such as a shock.
With a better distribution of the cells, the same solution accuracy is
obtained with fewer cells. Memory is saved, and the CPU time is
shorter.

The convergence rate to steady state is often improved dramat-
ically by using a multigrid method.>° In practice, the number of
levels in complicated multiblock grids is limited to three or four.

Here we combine adaptive grid refinement and coarsening with
the multigrid algorithm for efficient calculation of the steady-state
solution and apply the method to the Euler equations. All of the
cells in a block are refined or coarsened. In this way, no new data
structure is introduced, but the total number of cells will sometimes
be greater than necessary.

Numerical Solution and Adaptation

The Euler equations are discretized on a structured grid with a
cell-centered finite volume method according to Jameson.” The grid
is partitionedinto blocks. Grid refinementin a block is always made
by halving &, and coarsening always means doubling % in all three
directions of the grid. At the block faces, two extra layers of ghost
cells are added to simplify the evaluation of the difference stencil
in the cells adjacent to the face, as is usual in multiblock codes.
The values in the cells in the overlapping region are determined
by the boundary conditions, or there is a neighboring block with
cells corresponding to those in the extra layers. In the latter case,
the values in the ghost cells are given by the values in the adjacent
block. For the solution to remain reasonably accurate and stable also
at the block boundary, a ghost cell in the coarser grid occupies the
same volume as eightcellsin three dimensionsin the finer grid. This
implies that the grid size is at most doubled between two blocks.

There are two cases at a block interface. The cell face at the
boundary in one block coincides with a cell face in the other block.
Then the solution values in the ghostcells are copied from the values
in the correspondinginner cells in the other block. If a coarse grid is
adjacentto a fine grid, then the values in the ghost cells in the coarse
grid are computed by a volume-weighted average. In the fine grid,
the conservative variables are calculated by trilinear interpolation.

These transfers of the solution between the grids will not make
the scheme conservative,and problems may occurif a shock crosses

Received Jan. 16, 1996; revision received Aug. 5, 1998; accepted for
publication Aug. 21, 1998. Copyright © 1998 by the American Institute of
Aeronautics and Astronautics, Inc. All rights reserved.

*Research Scientist, Department of Scientific Computing, P.O. Box 120.

Specialist, Aerodynamics Department.



